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In this article, the bulk viscosity is introduced in a modified gravity model. The gravitational action
has a general f (R, T) form, where R and T are the curvature scalar and the trace of energy momen-
tum tensor respectively. An effective equation of state (EoS) has been investigated in the cosmological
evolution with bulk viscosity. In the present scenario, the Hubble parameter which has a scaling rela-
tion with the redshift can be obtained generically. The role of deceleration parameter q and equation
of state parameter ω is discussed to explain the late-time accelerating expansion of the universe. The
statefinder parameters and Om diagnostic analysis are discussed for our obtained model to distin-
guish from other dark energy models together with the analysis of energy conditions and velocity of
sound for the model. We have also numerically investigated the model by detailed maximum likeli-
hood analysis of 580 Type Ia supernovae from Union 2.1 compilation datasets and updated 57 Hubble
datasets (31 data points from differential age method and 26 points from BAO and other methods). It
is with efforts found that the present model is in good agreement with observations.
PACS numbers: 95.36.+x, 04.50.kd, 98.80.Jk.
I. INTRODUCTION
We still believe in that the Einstein’s general theory of
relativity (GR) does not give the final word to all gravity
phenomena, though in the solar system tests GR is very
successful so far. As well understood that after many ob-
servational and experimental tests, there are some issues
which hint towards a possible modification to general
theory of relativity (GR) at large scales such as the cos-
mic accelerating expansion phenomena and dark matter
mysteries. The recently developed late time accelerated
expansion [1–3] of the Universe is an immediate motiva-
tion for the same. The simplest possible modification for
such an acceleration is to consider a cosmological con-
stant Λ existence which plays the role of dark energy,
i.e. the fluid responsible for an effective negative pres-
sure. Another way to identify the role of dark energy
is to treat it as an effective geometrical quantity coming
out of a modified Einstein-Hilbert action. We can do this
by replacing the Ricci curvature R in the Einstein action
by a generic function f (R)which gives rise to the named
f (R) theories as mentioned in [4–7], for example.
Several studies have been carried out on the modified
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theories of gravity which can explain both early and late
time expansion of the universe. The f (G) gravity form,
for example, is also an important modified theory of
gravity in which there is replacement of R by a general
function f (G), where G is the Gauss-Bonnet invariant
[8, 9]. Other modified theories of gravity including f (T)
form where T is the torsion, f (R,G), and also f (R, T)
forms, etc. without by direct introducing an effective
dark energy term (cosmological constant like), can also
give a satisfying explanation to present cosmic acceler-
ation expansion. Some related works on these theories
have been described in refs. [10–15].
Viscosity: In order to portray the recent accelerated
expansion era, the framework of GR and so called cos-
mological constant ΛCDM model with vacuum and
dust energy is not sufficient as it is faced with some
shortcomings. The two main issues are the coincidence
puzzle and the fine tuning problem. Though the evo-
lutions of dark matter and dark energy are different,
they are faced with the coincidence densities. On the
other hand the fine tuning problem is associated with
the disparity between the theoretical and the observa-
tional value of the cosmological constant. These prob-
lems have provoked the deliberations of various dark
energy models like quintessence, perfect fluid models,
scalar fields. Apart from these many authors have stated
that the cosmic viscosity directs the late time acceler-
ation expansion. The viscosity theories in cosmology
is important when connected with the early universe,
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2i.e. when the temperature was about 104K (at the time
of neutrino parting). There are two different viscos-
ity coefficients in cosmic fluid namely bulk viscosity ζ
and shear viscosity η. We omit shear viscosity due to
the accepted spatial isotropy of the universe like the
Robertson-Walker metric descriptions.
By considering a bulk viscous fluid the problem of
finding a viable mechanism for the origin of bulk vis-
cosity in the expanding universe arises. Theoretically,
bulk viscosity exists due to the deviations from the lo-
cal thermodynamic irreversibility of the motion. In cos-
mology, bulk viscosity arises as an effective pressure to
restore the system back into its thermal equilibrium[17].
Eckart [16] made the first approach for describing non-
equilibrium thermodynamic effects in a relativistic con-
text. It has also been studied that the bulk viscosity is
sufficient to drive the cosmic fluid from the quintessence
to phantom region [18]. Sharif and Yousaf [19] have
also investigated into stability regions for a non-static
restricted class of axially symmetric geometry. The
work includes shearing viscous fluid that collapse non-
adiabatically.
Viscosity in modified gravity: There have been a
great variety of models describing the universe with
dark energy discussed above. But if we talk about the
problem of cosmic adaptation, i.e. the mean stage of low
redshift, the cosmic accelerating expansion can be justi-
fied by the approach of modification in Einstein equa-
tions geometrically. Bulk viscosity can also produce an
acceleration without the need of scalar field or cosmo-
logical constant if connected to inflation. The bulk vis-
cosity contributes to the pressure term and exerts extra
pressure driving the accelerating expansion of the uni-
verse [20]. Also, the effective negative pressure due to
the viscous media effects the key condition to generate
inflation.
Most of the time argument on standard gravity as-
sume the cosmic fluid to be ideal that is non-viscous. If
we see from hydrodynamics point of view, two viscos-
ity coefficients discussed above come into play which
means deviation from thermal equilibrium to the first
order. This theory is an acceptance of Eckart 1940 the-
ory. The important part of this is the non-casual be-
havior. Therefore taking second order deviations from a
thermal equilibrium leads to a casual theory respecting
special relativity. Now, it is also important to take into
account some more realistic models, which process due
to complicated viscosity, as that Singh and Kumar [21]
have studied the role of bulk viscosity in the evolution of
the Universe by considering the modified f (R, T) grav-
ity model. There were remarkable cosmological applica-
tions of viscous imperfect fluids in 1970s [22, 23]. Also
many other authors have investigated the idea of bulk
viscous fluids to explain the acceleration of the Universe
expansion [18, 24–27]. Davood [28] also studied the role
of bulk viscosity in f (T) gravity. The cosmic pressure in
this phenomenon is considered as p = (γ− 1)ρ− 3ζH,
where the γ parameterizes the EoS [29]. The form of this
pressure was originally proposed by Eckart [16]. How-
ever, Eckart theory undergoes some anatomies. One of
those is the instability of the equilibrium states [30]. An-
other is that the dissipative perturbations propagate at
infinite speeds [31]. In 1979, a more general theory was
developed by Israel and Stewart [32] which was casual
and stable. Eckart theory can also be obtained in the
first order limit in Stewart theory when the relaxation
time tends to zero. So, if we talk about the limiting case,
Eckart theory is a good approximation which is also dis-
cussed in [33]. Hence, we know that Eckart theory is less
complicated than the Israel-Stewart theory irrespective
of drawbacks it have. Many authors have also pointed
out that, the relaxation time is to be constant in Israel-
Stewart theory which is not reasonably correct in ex-
panding universe.
From the observational constraints, we have that the
current EoS parameter ω = pρ is around −1 [34, 35],
probably larger than −1 by the recent DES results,
which is called the quintessence range while the EoS be-
low −1 corresponding to the so called phantom region.
In this article we have observed that the focused model
we have investigated into shows accelerating behavior
and behaves as the quintessence alike (ω > −1) as cur-
rent datasets favored.
Fisher and Carlson [36] have examined the form of
f (R, T) = f1(R)+ f2(T), in which they state that f (R, T)
yields a new physics and limits could be placed on
the cross-terms by comparison with observations. This
work is again reexamined by Harko and Moreas [37]
in examining observational restrictions on the function
f2(T). Setare and Houndjo [38] have studied the finite-
time future singularities model in f (T) gravity with the
effect of viscosity. Sharif and Rani [39] have also worked
on viscous dark energy in f (T) gravity. The work of Iver
Brevik [40] describes viscosity in f (R) gravity.
In the present article, we study the Friedman-
Lemaˆitre-Robertson-Walker (FLRW) geometric frame
model with bulk viscosity effects in the modified f (R, T)
gravity theory, in which we have investigated into a
general effective equation of state form given by,
p = (γ− 1)ρ+ p0 +ωHH +ωH2H2 +ωdH H˙,
and also shown that the following time-dependent bulk
viscosity
ζ = ζ0 + ζ1H + ζ2( H˙H + H)
is the same form as derived by the above mentioned ef-
3fective EoS. The field equations and its exact solutions
are obtained with constant α by assuming the model
simplest form of f (R, T) = R+ 2 f (T) where f (T) = αT.
This is the simplest functional choice of f (R, T) gravity
as when α = 0, the field equations correspond to that of
GR ones.
The article has been discussed in various sections as
follows. In section II, we have formulated the field equa-
tions followed by modeling with viscosity. We have de-
scribed the general solution and the behavior of various
parameters in section III. In Sec IV we have performed
various tests to check the validation of model contain-
ing the energy conditions, velocity of sound, statefinder
parameter, the Om diagnostics and also observational
datasets corresponding to SNeIa and H(z). And the last
section V is followed by the conclusion. We have taken
the Einstein field equations in units of 8piG = c = 1.
II. FIELD EQUATIONS
The f (R, T) theory is a modified theory of gravity
in which the most general action for f (R, T) gravity is
given as in Ref. [12, 21]
S =
1
2
∫
d4x
√−g( f (R, T) + 2Lm), (1)
where the Einstein-Hilbert Lagrangian, R, has been re-
placed by an arbitrary function of the Ricci scalar curva-
ture R and the trace T of the energy momentum tensor.
Here, g is the determinant of the metric tensor gµν and
Lm is the matter Lagrangian density.
Variation of the action with respect to the metric ten-
sor gives us the following gravitational field equation:
fR(R, T)Rµν− 12 f (R, T)gµν+(gµν−∇µ∇ν) fR(R, T) =
Tµν − fT(R, T)Tµν − fT(R, T)Θµν, (2)
where, ∇µ and ∇ν represents the covariant derivative
and Θµν is defined by
Θµν ≡ gαβ
δTαβ
δgµν
. (3)
We consider the Friedman-Lemaitre-Robertson-
Walker (FLRW) metric in the flat space geometry
(k = 0)
ds2 = dt2 − a2(t)[dr2 + r2dθ2 + r2 sin2 θdφ2] (4)
where a(t) is the cosmic scale factor.
The components of four-velocity uµ are uµ = (1, 0)
in comoving coordinates. Assume that the cosmic fluid
possesses a bulk viscosity ζ. We have the energy-
momentum tensor for a viscous fluid as follows
Tµν = ρuµuν − phµν. (5)
where hµν = gµν+ uµuν and p = p− 3ζH is the effective
pressure.
If we choose the Lagrangian density as Lm = −p then
the tensor Θµν becomes
Θµν = −2Tµν − pgµν. (6)
Using (5) and (6), the field equation for the bulk viscous
fluid become
Rµν− 12Rgµν = Tµν+ 2 f
′(T)Tµν+ (2p f ′(T) + f (T))gµν.
(7)
For the particular choice of the function f (T) = αT,
where α is a constant, we get field equations as
3H2 = ρ+ 2α(ρ+ p) + αT, (8)
2H˙ + 3H2 = −p+ αT, (9)
where T = ρ− 3p. From Eqs. (8) and (9), we have
2H˙ + (1+ 2α)(p+ ρ)− 3(1+ 2α)ζH = 0. (10)
III. GENERAL SOLUTION
We can see the Eqs. (8) and (9) contains four un-
known parameters viz. ρ, p, ζ&H. To get an exact so-
lution, we need two more physically viable equations.
As discussed in the introduction, we shall consider the
following EoS (an explicit form as given in [29])
p = (γ− 1)ρ+ p0 +ωHH +ωH2H2 +ωdH H˙, (11)
where p0,ωH ,ωH2,ωdH are free parameters. If we com-
pare with the bulk viscosity form we get the most gen-
eral one. We show that this time-dependent bulk viscos-
ity
ζ = ζ0 + ζ1
a˙
a
+ ζ2
a¨
a˙
, (12)
is effectively equivalent to the form derived by using Eq.
(11) where ζ0, ζ1, ζ2 are constants.
The reason behind this is
p = p− 3ζH = p− 3(ζ0 + ζ1 a˙a + ζ2
a¨
a˙
)H
= p− 3ζ0H − 3ζ1H2 − 3ζ2(H˙ + H2)
4which gives
p = p− 3ζ0H − 3(ζ1 + ζ2)H2 − 3ζ2H˙. (13)
We can obtain the corresponding coefficients are
ωH = −3ζ0,
ωH2 = −3(ζ1 + ζ2),
ωdH = −3ζ2.
Using Eqs. (8), (11), (12), (13), we obtain the explicit
form of energy density as
ρ =
αp0 + 2αωHH + (2αωH2 + 3)H2 + 2αωdH H˙
1+ 4α− αγ . (14)
Subsequently, using Eq.(9) we obtain the bulk viscous
pressure as
p =
α2p0 + 2α2ωHH + (2α2ωH2 − 9α− 3+ 3αγ)H2 + (2α2ωdH − 2(1+ 4α− αγ))H˙
(1+ 4α− αγ)(1+ 3α) . (15)
Using Eqs. (10), (11), (14), we have an equation[
2+
2(1+ 2α)ωdH(1+ 4α)
1+ 4α− αγ
]
H˙ +
[
2(1+ 2α)ωH(1+ 4α)
1+ 4α− αγ
]
H +
[
(1+ 2α)(2ωH2(1+ 4α) + 3γ)
1+ 4α− αγ
]
H2+[
(1+ 2α)p0(1+ 4α)
1+ 4α− αγ
]
= 0. (16)
Because of the high non linearity, it is difficult to solve
the above equation (16) for which without the loss of
generality we assume that p0 = 0. This simplifies the
equation to give the time evolution of Hubble parameter
H as,
H =
k1
k3ek1t − k2
, (17)
where k1 =
2(1+2α)ωH(1+4α)
1+4α−αγ
2+ 2(1+2α)ωdH(1+4α)1+4α−αγ
, k2 =
(1+2α)(2ωH2(1+4α)+3γ)
1+4α−αγ
2+ 2(1+2α)ωdH(1+4α)1+4α−αγ
and k3 = k1c1, with c1 being
a constant of integration.
Using the definition H = a˙a , we can obtain the scale
factor given by,
a = k4k
− 1k2
3 (k3 − k2e−k1t)
1
k2 , (18)
where k4 is a constant of integration.
Finally, the deceleration parameter (q = − aa¨a˙2 ) is ob-
tained as,
q = −1+ k3ek1t. (19)
Now, we have the general set of solution for the formu-
lated system. In order to discuss the detailed evolution
of the Universe in various phases, we shall discuss the
behavior of the different cosmological parameters ob-
tained here. In the present article, we are interested to
examine the different regimes of the Universe particu-
larly the phase transition from decelerated to acceler-
ated by constraining the model parameters. We know
a positive value of q refers the decelerating phase while
a negative value of q corresponds to accelerating phase
of the universe. So, we shall write all the cosmological
parameters in terms of redshift z using the relation
a(t) =
1
1+ z
(20)
with a0 = 1. The Hubble parameter and the deceleration
parameter are two observable parameters which can be
rewritten in terms of redshift as,
H(z) =
k1
k2
((k4 + k4z)k2 − 1), (21)
and
q(z) = −1+ k2 (k4 + k4z)
k2
(k4 + k4z)k2 − 1
. (22)
Recent studies reveals that the present observed decel-
eration rate of the Universe is q0 = −0.51+0.09−0.01 [41] and
a transition redshift from deceleration to acceleration is
zt = 0.65+0.19−0.17 [42]. In literature [43–45] reported that the
Universe passed from a decelerated phase to an acceler-
ated one at zt ≈ 0.7 [46] . So, we have chosen the val-
ues of these free parameters (k1, k2, k3, k4) in the present
5model in such way that our q0 and zt result are consis-
tent with values reported in the literature. Henceforth,
we will discuss a particular model as an exemplifica-
tion and study the cosmic history of the universe with
some numerical choice of the values of the model pa-
rameters. However, we have chosen the values of k2 and
k4 that has been constrained from some observational
datasets in the subsequent section. The evolution of q(z)
is shown in the following Fig. 1 with suitable choice of
the model parameters.
k4=-0.43
k4=-0.49
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FIG. 1: The plot discusses the behavior of deceleration pa-
rameter versus redshift z for the model with k2 = 3 and
k4 = −0.43,−0.49.
From Fig. 1, we see that the deceleration parameter
q varies from negative to positive at zt = 0.845815 and
zt = 0.619797 with q0 = −0.779046 and q0 = −0.684206
with two different values of k4 = −0.43 and k4 = −0.49
respectively. This indicates, the universe exhibits a tran-
sition from early deceleration to the current acceleration
in this model. The behavior of ρ and p¯ from equations
(14) and (15) with respect to redshift z is plotted below.
Since we have constrained the values of k2 and k4 in
section IV F, so accordingly the values of other model
parameters such as α, γ, ωH , ωH2, ωdH involved in k1, k2
and k3 are set for the analysis. We can clearly observe the
behavior of ρ and p from the Figs. 2 & 3, which shows
that energy density is an increasing function of z and
the effective pressure has a transition from negative to
positive. The present study demonstrate the expanding
behavior of the universe and on the other hand negative
pressure indicates the cosmic accelerated expansion of
the universe.
The EoS parameter is the relationship between pres-
sure p and energy density ρ. The EoS parameter is used
to classify the decelerated and accelerated expansion of
the universe and it categorizes various epochs as fol-
lows: when ω = 1, it represents stiff fluid, if ω = 1/3,
k4=-0.43
k4=-0.49
0 1 2 3 4 5
0
500
1000
1500
z
ρ
FIG. 2: The plot shows the behavior of density parameter of
the model versus redshift z with α = −0.1, γ = 1.01, ωH = 4.1,
ωH2 = 1.57, ωdH = −0.1 and k4 = −0.43,−0.49.
k4=-0.43
k4=-0.49
0 1 2 3 4
-100
0
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FIG. 3: The plot shows the behavior of effective pressure of the
model versus redshift z with α = −0.1, γ = 1.01, ωH = 4.1,
ωH2 = 1.57, ωdH = −0.1 and k4 = −0.43,−0.49.
the model shows the radiation dominated phase while
ω = 0 represents matter dominated phase. In the
present accelerated phase of evolution, 0 ≥ ω > −1
shows the quintessence phase and ω = −1 shows the
cosmological constant, i.e., ΛCDM model and ω < −1
yields the phantom era. In Fig. 4, we have plotted the
EoS parameter versus redshift z by considering same
values of the model parameters as discussed above,
The graph in Fig. 4 shows that the as z → −1 , ω →
−1 in the future. It also shows the transition from neg-
ative to positive in due course of evolution which indi-
cates the earlier decelerating phase of the universe with
positive pressure (suitable for structure formation) and
present accelerating phase of the evolution with nega-
tive pressure. The present values of the EoS parameter
can be calculated as of ω0 = −0.888046 for k4 = −0.43
and ω0 = −0.838394 for k4 = −0.49 together with other
stated values of other model parameters. In the follow-
ing section we discuss the of the obtained model with
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FIG. 4: The plot shows the behavior of Equation of State of the
model versus redshift z with α = −0.1, γ = 1.01, ωH = 4.1,
ωH2 = 1.57, ωdH = −0.1, k4 = −0.43,−0.49.
some mathematical tools and observational datasets.
IV. TESTS FOR VALIDATION OF THE MODEL
There are some theoretical and observational tests to
check the validity of any cosmological model. So now,
we shall discuss some of the cosmological tests for the
validation of our obtained model.
A. Energy conditions
The energy conditions (ECs) of GR permit one to de-
duce very powerful and general theorems about the be-
havior of strong gravitational fields and cosmological
geometries [47]. ECs have a great adequacy in classical
GR which consider the singularity problems of space-
time and explain the behavior of null, space-like, time-
like or light-like geodesics. It provides us some flexi-
bility to analyze certain ideas about the nature of cos-
mological geometries and some relations that the stress
energy momentum must satisfy to make energy density
positive. It is normally used in GR to show and study
the singularities of space-time [48]. In general, ECs
can be classified as a) SEC (Strong energy condition),
b) DEC (Dominant energy condition), c) WEC (Weak
energy condition) and d) NEC (Null energy condition)
[49]. The formulation of these four types of ECs in GR is
expressed as:
a) SEC: Gravity should always be attractive and in
cosmology ρ+ 3p ≥ 0.
b) DEC: The matter energy density measured by any
observer must be positive and propagate in a causal
way, which leads to ρ ≥| p |.
NEC
DEC
SEC
0 1 2 3 4 5
0
500
1000
1500
z
EC
s
a) with k4 = −0.43
NEC
DEC
SEC
0 1 2 3 4 5
0
1000
2000
3000
4000
z
EC
s
b) with k4 = −0.49
FIG. 5: Behavior of Energy conditions of the model versus red-
shift z with α = −0.1, γ = 1.01, ωH = 4.1, ωH2 = 1.57,
ωdH = −0.1 and k4 as mentioned in (a) & (b).
c) WEC: The matter energy density measured by any
observer should be positive, ρ ≥ 0, ρ+ p ≥ 0.
d) NEC: It’s the minimum requirement that is implied
by SEC and WEC, is ρ+ p ≥ 0.
The violation of NEC implies that none of the men-
tioned ECs are validated. The SEC is currently the sub-
ject of much discussion for the current accelerated ex-
pansion of the Universe [50, 51]. SEC must be violated
in cosmological scenarios during the inflationary expan-
sion and at the present time [52].
The graph of the energy conditions is given below.
We examine that NEC, DEC hold but SEC violates the
model which directly implies the accelerated expansion
of the Universe.
B. Velocity of sound
The velocity of sound plays a similar role to that of
equation of state for the background cosmology, which
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FIG. 6: Velocity of sound c2s vs redshift z.
relates the pressure and density as in [53],
c2s =
dp
dρ
In this study, we have taken speed of light c to be 1, so
the stability condition for the model is 0 ≤ c2s ≤ 1. The
lower bound prevents dark energy fluctuations from
growing exponentially, which can lead to non-physical
situations and the upper one is imposed in order to
avoid super-luminal propagation. Guillermo and Julien
[54] reviewed the concept of sound speed for a cosmo-
logical fluid. The non trivial issue of initial conditions
for dark energy perturbations in the radiation era is
studied which is a priori non-adiabatic since c2s > ω.
The The square of the sound speed for bulk viscosity in
GR is presented in [29].
According to the graph above it can be seen that the
model satisfies c2s ≤ 1 throughout. Therefore, we can
say that our model is stable.
C. Statefinder diagnostics
In [55], Sahni et al. have introduced a new cosmo-
logical diagnostic pair {r, s} - Statefinder. The param-
eters r and s are dimensionless and are constructed
from the scale factor a(t) and its time derivatives sim-
ilar to the geometrical parameters H(z) and q(z). The
Statefinder help to differentiate and compare between
different dark energy models. The standard cold dark
model (SCDM) and the cosmological constant model
(ΛCDM) have some fixed points in the s-r plane and
q-r plane. Any obtained model can be compared with
these standard ones to see how a model approaches or
deviates from these models. The expressions r, s for our
model are obtained as,
r = −
(
k1/k23
k4z+k4
)−3k2 ( k1/k23
k4z+k4
)k2
− k3
−(k2 − 2)(k2 − 1)k3
(
k1/k23
k4z+k4
)k2
+
(
k1/k23
k4z+k4
)2k2
+ (k2 − 1)(2k2 − 1)k23

(
(k4(z+ 1))k2 − 1
)3
(23)
s = −

 k1/k23
k4z+k4
k2−k3

−(k2−2)(k2−1)k3
 k1/k23
k4z+k4
k2+
 k1/k23
k4z+k4
2k2+(k2−1)(2k2−1)k23

 k1/k23
k4z+k4
−3k2
(
(k4(z+1))k2−1
)3 + 1
3
(
k2
(k4(z+1))k2−1
+ k2 − 1.5
) (24)
Although, the presented model do not contain any ex-
tra source term (dark energy) but the bulk viscous term
exerts extra pressure and plays the role of the dark en-
ergy. The following are plots show the behavior of our
obtained model compared with the SCDM and ΛCDM
models.
In the Fig.7, the model behavior is shown in s-r plane
which is somewhat similar to [33]. The point (s, r) =
(0, 1) corresponds to the ΛCDM of the universe. Our
model is also resembling to the ΛCDM in future and ul-
timately freezing to it. Similarly, Fig.8 shows that our
model approaching to the de Sitter point (q = −1, r = 1)
and deviated from the SCDM model.
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FIG. 7: The plot shows the behavior of the presented model in
the s-r plane and ΛCDM model.
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FIG. 8: The plot shows the behavior of the presented model in
the q-r plane ΛCDM model.
D. Om diagnostic
Now, we turn to a discussion on Om diagnostic writ-
ten as Om(z). Om(z) is used to differentiate standard
ΛCDM model from various dark energy models [56]. In
the analysis of Om diagnostic only first order derivative
are used as it involves the Hubble parameter depending
on a single time derivative of a(t). In reference with
Sahni et al. [57] and Zunckel and Clarkson [58], Om(z)
for flat universe is defined as
Om(z) =
(
H(z)
H0
)2 − 1
(1+ z)3 − 1 (25)
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FIG. 9: Behavior of Om versus redshift z
Thus, we have different values of Om(z) for the
ΛCDM model, phantom and quintessence cosmological
models. According to the curvature variation, we can
describe the behavior of dark energy as quintessence
type (ω > −1) corresponding to negative curvature,
phantom type (ω < −1) corresponding to its positive
curvature and Om(z)=ΛCDM to zero curvature. The
parametrization of Om(z) is done in [59] to show how
the combination of most recent and naturally improved
observations about the H(z) and SNeIa be implemented
to study the consistency or acknowledge the tension be-
tween the ΛCDM model and observations. The behav-
ior can be easily seen in Fig. 9 which shows that at late
times, the growth of Om(z) favors the decaying dark en-
ergy models as discussed in [60].
Om(z) =
1.
(
(k4z+k4)k2−1
)2
(
kk24 −1
)2 − 1
(z+ 1)3 − 1 (26)
E. Fitting the model with H(z) & SNIa datasets
Study of the structure, the origin and the evolution
of the universe through observations is known as ob-
servational cosmology. Several types of observational
datasets are available at present for different measure-
ments such as Type Ia Supernovae [1, 2] data, Cos-
mic Microwave Background Radiation [35] data, Baryon
Acoustic Oscillations [61] data, Planck data etc. and
are some spectacular observations providing strong ev-
idence for the acceleration of the universe. So, we shall
check the viability of our obtained model with any of
these datasets. Here, we have taken into account 57
points of H(z) data (Appendix Table 2.), wherein 31
points of Hubble data points are from the differential
age method and 26 points are from BAO and other
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FIG. 10: The plot shows the 57 points of H(z) datasets (Blue
dots) with corresponding error bars along with the presented
model (solid red line) which has a better fit to the H(z) datasets
for k2 = 3 and k4 = −0.49. ΛCDM model is also shown in
black dashed line for model comparision.
methods [62]. Secondly, we have taken into account 580
points of type Ia Supernovae from Union 2.1 compila-
tion datasets [63, 64] to achieve our goal to find best
fit values of the model parameters and compare to the
ΛCDM model.
The χ2 function for the H(z) datasets is taken to be
χ2H =
57
∑
i=1
[
Hobs(zi)− Hth(zi)
]2
σ(zi)2
(27)
where Hobs and Hth are the observed and theoretical
value of H and also σ(zi) is the standard error in the
measured value of H. The following plot shows nice
fit to the H(z) datasets with suitable model parameter
values compared with ΛCDM model. We have taken
H0 = 67.66 km/sec/Mpc for our calculation.
The χ2 function for the type Ia supernovae datasets is
taken to be
χ2SN =
580
∑
i=1
[
µth(µ0, zi)− µobs(zi)
]2
σ2
µ(zi)
, (28)
where µobs, µth, σµ(zi), denotes the observed and theo-
retical distance modulus of the model, the standard er-
ror in the measurement of µ(z) respectively. We fit free
parameters of our model, comparing µobs with theoreti-
cal values µth of distance modulus. The distance model
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FIG. 11: The plot shows the 580 points of SNIa datasets
(Blue dots) with corresponding error bars along with the
presented model (solid red line) which has a better fit to
the SNIa datasets for k2 = 3 and k4 = −0.49. ΛCDM
model is also shown in black dashed line for model compari-
sion.
µ(z) is given by
µ(z) = m = m′ + 5LogDl(z) + µ0, (29)
where Dl(z) and µ0 are the luminosity distance and nui-
sance parameter respectively. Also m and m′ serve as
the apparent and absolute magnitudes of standard can-
dle respectively. We calculate the χ2SN function and the
distance Dl(z) that measures differences between the
SNeIa observational data and predictions of a model.
The following plot shows nice fit to the SNIa datasets
with suitable model parameter values compared with
ΛCDM model.
F. Estimation of model parameters with H(z), SNIa &
BAO datasets
We can see, in the expression Eq.(21), we have only
two model parameters k2 and k4. Here, in this sub-
section, we shall find the constraints with the above
discussed datasets i.e. H(z) and SNIa together with
one more external data, the Baryon Acoustic Oscillation
(BAO) datasets for our analysis. The chi square value
corresponding to BAO measurements is given by [65]
χ2BAO = B
TC−1B, (30)
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FIG. 12: The plot shows the contour plot for the model param-
eters k2 and k4 for independent H(z) datasets at 1-σ, 2-σ and
3-σ level in k2-k4 plane. The best estimated value is k2 = 3 and
k4 = −0.4389.
where the matrices B, inverse covariance matrix C−1
and the data details are discussed in the appendix.
With these three samples of datasets, we have found
the likelihood contours for the model parameters k2 and
k4 at 1-σ, 2-σ and 3-σ level and are plotted in the k2-
k4 plane as shown in the figures. We have found con-
straints with independent H(z) datasets and combined
Hz + SNIa + BAO datasets. The best estimated val-
ues of the model parameters k2 and k4 are found to be
k2 = 3, k4 = −0.4389 and k2 = 3, k4 = −0.43374
respectively for independent H(z) datasets and joint
Hz+ SNIa+ BAO datasets.
V. CONCLUSION
In this article, we have studied a cosmological model
in which we have discussed the phenomenon of cosmic
acceleration without the need of dark energy but with
a viscous fluid. With this effective viscosity EoS, the
dynamical equation of the Hubble parameter is com-
pletely integrable and an exact solution for Einstein’s
field equation is obtained in modified f (R, T) gravity
in the FLRW background. The effective EoS (pressure
with additional bulk viscosity) describes the late-time
acceleration of the Universe without introducing a cos-
mological constant or dark energy. We show that the
matter described by an effective viscosity EoS can fit the
observational data well, so the present effective viscos-
ity model may be considered an alternative candidate to
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FIG. 13: The plot shows the contour plot for the model param-
eters k2 and k4 for combined Hz + SNIa + BAO datasets at
1-σ, 2-σ and 3-σ level in k2-k4 plane.The best estimated value
is k2 = 3 and k4 = −0.43374.
explain the late-time accelerating expansion of the Uni-
verse.
The deceleration parameter shows a signature flip
from early deceleration to present acceleration at zt ≈
0.845815 and zt ≈ 0.619797 for k4 = −0.43 and k4 =
−0.49 respectively with a negative value of the q0 ≈
−0.779046 and q0 ≈ −0.684206, see Fig. 1. The evo-
lution of the effective equation of state parameter ω
is shown in Fig. 4 showing the negative value of the
ω0 ≈ −0.888046 for k4 = −0.43 and ω0 ≈ −0.838394
for k4 = −0.49 remains in the quintessence region (do
not cross the phantom divide line ω = −1) approaching
to −1 in the infinite future leading to Einstein-de-Sitter
model. It is also worth mentioning that the EoS param-
eter ω shows a transition from positive pressure regime
in the past to a negative pressure regime at present era
implying that the incorporation of bulk viscous pres-
sure term in the model plays a vital role for rendering
a decelerating expansion in the past (suitable for struc-
ture formation) and an accelerated expansion at present.
This can be seen in Fig. 4, which confirms from the
standard cosmology that the latter regime may happen
when ω < − 13 . In the case, when α = 0 (α is the coupling
constant for modified gravity), the field equations (8)
and (9) will reduce to general relativity and we can’t get
the same conditions where the pressure becomes nega-
tive throughout the evolution and the plot for w(z) re-
mains in negative part (not shown). So, we can say that
the coupling constant of modified gravity play a major
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role in this context.
We have discussed some physical characteristics of
the model and discussed the evolution of physical pa-
rameters together with the Energy Conditions. It is seen
that NEC, DEC does not violate the model but SEC
fails to satisfy, which produces a repulsive force and
make the Universe to get jerk. The violation of SEC in
Fig. 5 shows the viability of our model as mentioned
in [50]. We have also discussed the velocity of sound
favoring our model’s consistency. Moreover, analysis
of statefinder parameters and Om diagnostic also have
been done and compared with the ΛCDM model. Fi-
nally, we have fitted our model with the updated 57
points of Hubble datasets and 580 points of Union 2.1
compilation Supernovae datasets compared with the
ΛCDM model.
ECs have provided us with special insights into the
deep structure for space and time in the cosmic space-
time evolution processes. In the present model NEC
and DEC validated whereas SEC is violated as per the
requirement of cosmic acceleration (see Fig. 5). As we
know the wormhole formation requires explicitly the
null energy condition violation, which attracts us to fur-
ther study the dark energy confrontation with the un-
common space time structure. We will publish the re-
lated work elsewhere soon. Further study can be done
with this effective viscosity EoS in non-minimally cou-
pled gravity.
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Appendix
Details of H(z) datasets: The 57 points of Hubble pa-
rameter values H(z) with errors σH from differential age
(31 points) method and BAO and other (26 points) meth-
ods are shown in the following table.
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z H(z) σH Ref. z H(z) σH Ref.
0.070 69 19.6 [66] 0.24 79.69 2.99 [67]
0.90 69 12 [68] 0.30 81.7 6.22 [69]
0.120 68.6 26.2 [66] 0.31 78.18 4.74 [70]
0.170 83 8 [68] 0.34 83.8 3.66 [67]
0.1791 75 4 [71] 0.35 82.7 9.1 [72]
0.1993 75 5 [71] 0.36 79.94 3.38 [70]
0.200 72.9 29.6 [73] 0.38 81.5 1.9 [74]
0.270 77 14 [68] 0.40 82.04 2.03 [70]
0.280 88.8 36.6 [73] 0.43 86.45 3.97 [67]
0.3519 83 14 [71] 0.44 82.6 7.8 [75]
0.3802 83 13.5 [76] 0.44 84.81 1.83 [70]
0.400 95 17 [68] 0.48 87.79 2.03 [70]
0.4004 77 10.2 [76] 0.51 90.4 1.9 [74]
0.4247 87.1 11.2 [76] 0.52 94.35 2.64 [70]
0.4497 92.8 12.9 [76] 0.56 93.34 2.3 [70]
0.470 89 34 [77] 0.57 87.6 7.8 [78]
0.4783 80.9 9 [76] 0.57 96.8 3.4 [79]
0.480 97 62 [66] 0.59 98.48 3.18 [70]
0.593 104 13 [71] 0.60 87.9 6.1 [75]
0.6797 92 8 [71] 0.61 97.3 2.1 [74]
0.7812 105 12 [71] 0.64 98.82 2.98 [70]
0.8754 125 17 [71] 0.73 97.3 7.0 [75]
0.880 90 40 [66] 2.30 224 8.6 [80]
0.900 117 23 [68] 2.33 224 8 [81]
1.037 154 20 [71] 2.34 222 8.5 [82]
1.300 168 17 [68] 2.36 226 9.3 [83]
1.363 160 33.6 [84]
1.430 177 18 [68]
1.530 140 14 [68]
1.750 202 40 [68]
1.965 186.5 50.4 [84]
Details of BAO datasets: From very large scales,
Baryon Acoustic Oscillation measures the structures in
the universe. In this article, we have considered the
sample of BAO distances measurements from surveys
of SDSS(R) [85], 6dF Galaxy survey [86], BOSS CMASS
[87] and WiggleZ [88]. So, the distance redshift ratio dz is
given as dz =
rs(z∗)
Dv(z)
,where rs(z∗) is the co-moving sound
horizon at the time photons decouple and z∗ is the pho-
ton decoupling redshift. In accordance to Planck 2015
results [89], z∗ = 1090. We have taken rs(z∗) as consid-
ered in [90]. Also, dilation scale is read as Dv(z) and
is given by Dv(z) =
(
d2B(z)z
H(z)
) 1
3 , where dA(z) is the an-
gular diameter distance. The matrix B in the chi square
formula of BAO datasets is given by dB(z∗)/DV(zBAO)
and is calculated as
B =

dB(z?)
DV(0.106)
− 30.95
dB(z?)
DV(0.2)
− 17.55
dB(z?)
DV(0.35)
− 10.11
dB(z?)
DV(0.44)
− 8.44
dB(z?)
DV(0.6)
− 6.69
dB(z?)
DV(0.73)
− 5.45

,
and the inverse covariance matrix C−1 defined in [65] is
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given by
C−1 =

0.48435 −0.101383 −0.164945 −0.0305703 −0.097874 −0.106738
−0.101383 3.2882 −2.45497 −0.0787898 −0.252254 −0.2751
−0.164945 −2.454987 9.55916 −0.128187 −0.410404 −0.447574
−0.0305703 −0.0787898 −0.128187 2.78728 −2.75632 1.16437
−0.097874 −0.252254 −0.410404 −2.75632 14.9245 −7.32441
−0.106738 −0.2751 −0.447574 1.16437 −7.32441 14.5022

.
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